Let D be an integral domain, D be the integral closure of D, and be a numerical semigroup with ‫ގ‬ 0 . Let t be the so-called t-operation on D. We will say that D is an AK-domain (resp., AUF-domain) if for each nonzero ideal ({a α }) of D, there exists a positive integer n = n({a α }) such that ({a n α }) t is t-invertible (resp., principal). In this paper, we study several properties of AK-domains and AUF-domains. Among other things, we show that if D ⊆ D is a bounded root extension, then D is an AK-domain (resp., AUFdomain) if and only if D is a Krull domain (resp., Krull domain with torsion t-class group) and D is t-linked under D. We also prove that if D is a Krull domain (resp., UFD) with char( D) = 0, then the (numerical) semigroup ring D[ ] is a nonintegrally closed AK-domain (resp., AUF-domain).
Introduction
Throughout this paper, D is an integral domain with quotient field K , D denotes the integral closure of D in K , X is an indeterminate over D, D[X ] is the polynomial ring over D, ‫ގ‬ 0 (resp., ‫)ޚ‬ is the set of nonnegative integers (resp., integers), is a numerical semigroup with ‫ގ‬ 0 and D[ ] means the numerical semigroup ring of over D.
We say that D is a GCD-domain if a D ∩ bD is principal for all 0 = a, b ∈ D. In [Zafrullah 1985 ], Zafrullah introduced the notion of an almost GCD-domain (AGCD-domain). He called D an AGCD-domain if for each 0 = a, b ∈ D, there exists an integer n = n(a, b) ≥ 1 such that a n D ∩b n D is principal. After Zafrullah's paper [1985] , several types of almost divisibility of integral domains have been studied, for example, AB-domains, AP-domains, APvMDs, API-domains and ADdomains (see Section 1). Recall from [Kang 1989a ] that D is a Krull domain (resp., UFD) if and only if for every nonzero ideal I of D, I t is t-invertible (resp., principal). In this paper, we define D to be an AK-domain (resp., AUF-domain) if for each nonzero ideal ({a α }) of D, there exists a positive integer n = n({a α }) such that ({a n α }) t is t-invertible (resp., principal). (For the sake of convenience, we will use the notation {a α } instead of {a α } α∈ , where is an indexed set. Also, for a nonempty subset {a α } of D \ {0}, we mean by ({a α }D) the ideal of D generated by the set {a α }.)
In Section 1, we review multifarious integral domains related to the theory of almost divisibility and some results on them.
We devote Section 2 to the study of AK-domains. Precisely, In Section 3, we introduce the notions of an AUF-domain and an almost π-domain. We show that D is an AUF-domain (resp.,
almost π -domain) if and only if D is an AK-domain and Cl(D) is torsion (resp., G(D) is torsion). We prove that D[ ] is an AUF-domain if and only if D[X ]
is an AUF-domain and char(D) = 0. Also, we show that if D is a UFD (resp., π -domain), then D[ ] is an AUF-domain (resp., almost π-domain) if and only if char(D) = 0. Finally, we give an example of an AUF-domain that is neither integrally closed nor an API-domain. Now, we review some definitions and notation. Let F(D) be the set of nonzero fractional ideals of D. For an I ∈ F(D), we denote by I −1 the fractional ideal {x ∈ K | x I ⊆ D} of D. Recall that the v-operation on D is the mapping on F(D) defined by I → I v = (I −1 ) −1 , and the t-operation on D is the mapping on F(D) defined by I → I t = {J v | J is a nonzero finitely generated fractional subideal of I }. Clearly, if an I ∈ F(D) is finitely generated, then I t = I v . An I ∈ F(D) is called a t-ideal (resp., v-ideal) if I t = I (resp., I v = I ). An I ∈ F(D) is said to be v-finite type if I v = J v for some finitely generated ideal J of D. A t-ideal M of D is called a maximal t-ideal if M is maximal among proper integral t-ideals of D. Let t-Max(D) be the set of maximal t-ideals of D. It is known that t-Max(D) = ∅ if D is not a field; a prime ideal minimal over a t-ideal is a t-ideal; a maximal t-ideal is a prime ideal; and each proper integral t-ideal is contained in a maximal t-ideal. We say that D has t-dimension one, denoted by t-dim(D) = 1, if each maximal t-ideal is of height one. An I ∈ F(D) is said to be t-invertible if (I I −1 ) t = D; equivalently, I I −1 M for all M ∈ t-Max(D). It was shown that an I ∈ F(D) is t-invertible if and only if I v = J v for some finitely generated fractional ideal J of D and I D M is principal for each M ∈ t-Max(D) [Kang 1989b, Corollary 2.7] . We say that D is a Prüfer v-multiplication domain (PvMD) if each nonzero finitely generated ideal of [Houston and Zafrullah 1989] , we say that D is a UMT-domain if every upper to zero in D[X ] is t-invertible. It is known that D is an integrally closed UMT-domain if and only if D is a PvMD [Houston and Zafrullah 1989, Proposition 3.2] Let T (D) be the abelian group of t-invertible fractional t-ideals of D under the t-multiplication I * J = (I J ) t and Inv(D) (resp., Prin(D)) be the subgroup of T (D) of invertible (resp., principal) fractional ideals of D. Then it is obvious that Prin(
Let D ⊆ E be an extension of integral domains. Then E is said to be a root extension of D if for each z ∈ E, z n ∈ D for some n ≥ 1. We say that D ⊆ E is a bounded root extension if there exists a fixed positive integer n such that z n ∈ D for all z ∈ E. The domain D is said to be root closed if for z ∈ K , z n ∈ D for some integer n ≥ 1 implies z ∈ D.
A numerical semigroup is a nonempty subset of ‫ގ‬ 0 that is closed under addition, contains 0 and generates ‫ޚ‬ as a group. It is known that the set ‫ގ‬ 0 \ is finite, and has a unique numerical system of generators. Also, there always exists the largest nonnegative integer that is not contained in . Such an integer is called the Frobenius number of and is denoted by F( ). If
Our general reference for results from multiplicative ideal theory will be [Gilmer 1992 ]. For any undefined terms, readers are referred to [Kaplansky 1994 ].
Almost divisibility of integral domains
In multiplicative ideal theory, one of the important topics during the past few decades was the theory of factorizations in integral domains. Among various kinds of integral domains, many mathematicians have studied Bézout domains, Prüfer domains, principal ideal domains (PID) and Dedekind domains. As for the t-operation analogues, they have also investigated GCD-domains, PvMDs, generalized GCD-domains (GGCD-domain), unique factorization domains (UFD), π -domains and Krull domains.
In [Storch 1967 ], almost factorial domains were studied as Krull domains with torsion divisor class groups. Motivated by this, Zafrullah first began to study a general theory of almost factoriality. To do this, he first defined an almost GCDdomain (AGCD-domain) that is an integral domain D in which for each 0 = a, b ∈ D, there exists an integer n = n(a, b) ≥ 1 such that (a n , b n ) t , equivalently a n D ∩ b n D, is principal [Zafrullah 1985] . He also showed that D is an integrally closed AGCDdomain if and only if D is a PvMD with torsion t-class group [Zafrullah 1985, Corollary 3.8 and Theorem 3.9] .
Anderson and Zafrullah continued the investigation of AGCD-domains and introduced several closely related domains. They proved that D is an AGCD-domain if and only if D is an AGCD-domain [Anderson and Zafrullah 1991, Section 4] , D ⊆ D is a root extension and D is t-linked under D [ibid., Theorem 5.9]. (See the remark after Example 2.4 for the definition of "t-linked under".) They also defined AB-domains and AP-domains as follows: D is an almost Bézout domain (AB-domain) (resp., almost Prüfer domain (AP-domain)) if for each 0 = a, b ∈ D, there exists a positive integer n = n(a, b) such that (a n , b n ) is principal (resp., invertible). They proved that D is an AB-domain if and only if D is an AP-domain with torsion t-class group [ibid., Lemma 4.4]. They also showed that D is an AP-domain (resp., AB-domain) if and only if D is a Prüfer domain (resp., with torsion (t-)class group) and D ⊆ D is a root extension [ibid., Corollary 4.8].
Recently, Li introduced the concept of almost Prüfer v-multiplication domains. She defined D to be an almost Prüfer v-multiplication domain (APvMD) if for each 0 = a, b ∈ D, there exists a positive integer n = n(a, b) such that (a n , b n ) v , equivalently a n D ∩ b n D, is t-invertible [Li 2012 , Definition 2.1 and Theorem 2.3]. It was shown that D is an AGCD-domain if and only if D is an APvMD with torsion t-class group [Li 2012, Theorem 3.1] .
The notion of an almost generalized GCD-domain was first introduced by Anderson and Zafrullah [1991, Section 3] , and was also investigated by Lewin [1997] . [Anderson and Zafrullah 1991, Theorem 4.7] . Also, if D is an APvMD, an AGCD-domain or an AGGCD-domain, then D is a PvMD [Li 2012, Theorem 2.4; Lewin 1997, Theorem 5.2] . As mentioned above, Prüfer domains and PvMDs have been much studied in the context of factorization theory, and there are many well-known results about them. So, from this point of view, integrally closed domains are no longer of interest in the theory of almost factoriality. This is why we need to investigate the almost divisibility of nonintegrally closed domains. One of the requisites to study them is to find some examples of such domains. Among several methods, in [Chang et al. 2012 ], the authors gave simple examples of nonintegrally closed APvMDs, AGCD-domains, AGGCD-domains, AP-domains and AB-domains via the D + X n K [X ] constructions. In fact, they proved that for an integer n ≥ 2, D + X n K [X ] is an APvMD (resp., AGCD-domain, AGGCD-domain, AP-domain, AB-domain) if and only if D is an APvMD (resp., AGCD-domain, AGGCD-domain, AP-domain, AB-domain) and char(D) = 0 [Chang et al. 2012 , Theorem 2.6 and Corollaries 2.10 and 2.13]. Anderson and Zafrullah [1991] defined an AD-domain (resp., almost principal ideal domain (API-domain)) to be a domain D such that for any nonempty subset
there exists a positive integer n = n({a α }) with ({a n α }) invertible (resp., principal). They showed that D is an API-domain if and only if D is an AD-domain with torsion t-class group [Anderson and Zafrullah 1991, Lemma 4.4] . Moreover, if D ⊆ D is a bounded root extension, then D is an AD-domain (resp., API-domain) if and only if D is a Dedekind domain (resp., D is a Dedekind domain with torsion class group) [ibid., Corollary 4.13].
As "almost" versions of Krull domains and UFDs, we will define and investigate AK-domains and AUF-domains in Sections 2 and 3, respectively. We also provide an example of AK-domains (resp., AUF-domains) which is not a Krull domain (resp., UFD).
AK-domains
Let D be an integral domain with quotient field K , D be the integral closure of D in K , X 1 (D) be the set of height-one prime ideals of D, be a numerical semigroup with ‫ގ‬ 0 , and D[ ] be the (numerical) semigroup ring of over D. We say that D is an AK-domain if for each nonzero ideal ({a α }) of D, there exists a positive integer n = n({a α }) such that ({a n α }), equivalently, ({a n α }) t is t-invertible. We have avoided using the terminology "almost Krull" for an AK-domain because the term "almost Krull" is already used to mean an integral domain that is locally Krull in the literature [Pirtle 1968 ]. Clearly, AK-domains are APvMDs; so if D is an AK-domain, then D is a UMT-domain and D ⊆ D is a root extension [Li 2012, Theorem 3.8] . Also, a Krull domain is an AK-domain, but not vice versa. [Houston and Zafrullah 1989, Theorem 3.7] ; so if D is an AK-domain, then t-dim(D) = 1. But, we do not know whether an AK-domain is generally of t-dimension one.
We next give a characterization of AK-domains under the "t-dimension one" assumption, which turns out to be very similar to that of a Krull domain as described in its definition: 
, then there is an integer n = n(P) ≥ 1 such that ({a n α }) is t-invertible, and hence ({a n α }) t = (a 1 , . . . , a k ) t for some a 1 , . . . , a k ∈ P. Clearly,
Thus D has a finite number of maximal t-ideals that contain d [Sahandi 2010 , Corollary 2.5], since each maximal t-ideal is the radical of a finite type t-ideal.
(⇐) Let ({a α }) be a nonzero ideal of D. By (2), the number of maximal t-ideals of D containing {a α } is finite, say P 1 , . . . , P k . Since each D P i is an API-domain by (1), there exists a positive integer m i such that ({a Gilmer 1992, Theorem 6.5(c) ]; so ({a m α }) is t-locally principal and ({a m α }) is contained in only a finite number of maximal t-ideals of D. Choose any nonzero element a ∈ ({a m α }). By (2), there exist only finitely many maximal t-ideals M 1 , . . . , M n of D containing a. Let P be a maximal t-ideal of D which is distinct from all P i , i = 1, . . . , k. If P ∈ {M 1 , . . . , M n }, then a ∈ P, and hence (a)D P = D P . Suppose that P ∈ {M 1 , . . . , M n }, say P = M j for some 1 ≤ j ≤ n.
and I is a finitely generated ideal of D, because the number of b j 's cannot exceed n. Let P be a maximal t-ideal such that P = P i for all 1 However, the converse of Corollary 2.3 does not hold, and we provide such an example.
Example 2.4. Let ‫ޑ‬ (resp., ‫)ޒ‬ be the field of rational (resp., real) numbers, X be an indeterminate over ‫,ޒ‬ and D = ‫ޑ‬ + X ‫[ޒ‬X ].
(1) Note that ‫[ޒ‬X ] is a Krull domain, and hence a weakly Krull domain. Thus D is a weakly Krull domain [Anderson et al. 2006, Theorem 3.4 ], whence t-dim(D) = 1 [Anderson et al. 1992 , Lemma 2.1].
(2) Let F = {a ∈ ‫ޒ‬ | a is integral over ‫.}ޑ‬ Clearly, F is an integral domain. Let 0 = a ∈ F. Then a n + q n−1 a n−1 + · · · + q 0 = 0 for some integer n ≥ 1 and q 0 , . . . , q n−1 ∈ ‫ޑ‬ with q 0 = 0; so 1 a n + q 1 q 0 1 a n−1 [Li 2012, Theorem 3.6 ]. Thus D is not an AK-domain.
Let D ⊆ E be an extension of integral domains. Following [Dobbs et al. 1989 ], we say that E is t-linked over Anderson et al. 1993 , Proposition 2.1]. Anderson and Zafrullah introduced the concept of "t-linked under" which is the opposite notion of "t-linked over" [Anderson and Zafrullah 1991] . They defined that D is t-linked under E if for each nonzero finitely generated ideal I of D,
In [Anderson and Zafrullah 1991, Theorem 4.11] , the authors showed that if D ⊆ E is a bounded extension with E ⊆ D, then D is an API-domain (resp., AD-domain) if and only if E is an API-domain (resp., AD-domain). Now, we give the AK-domain version of this result. Proof. (⇒) Let {a α } be a nonempty subset of E \ {0}. Since D ⊆ E is a bounded root extension, there exists a positive integer n such that z n ∈ D for all z ∈ E; so {a n α } ⊆ D. Since D is an AK-domain, there exists a positive integer m = m({a n α }) such that ({a nm α }) is t-invertible, and hence (({a nm
Let I be a finitely generated ideal of D such that (I E) −1 = E. Suppose to the contrary that I v D. Then there exists a maximal t-ideal M of D such that Kaplansky 1994, Theorem 44] . Note that D is a UMT-domain [Li 2012, Theorem 3.8] . Hence M 0 is a t-ideal of E [Fontana et al. 1998, Proposition 1.4 ]. Therefore we have
which is impossible. Thus I v = D (or equivalently, I −1 = D), which says that D is t-linked under E.
(⇐) Assume that E is an AK-domain and let ({b β }) be a nonzero ideal of D. Then there exists a positive integer m = m({b β }) such that ({b m β }E) is t-invertible, and hence (({b m β }E)J ) t = E for some v-finite ideal J of E. Let J = ({ j 1 , . . . , j l }E) t , where 0 = j 1 , . . . , j l ∈ K . Then we have
Corollary 2.6. If D ⊆ D is a bounded root extension, then the following statements are equivalent.
(1) D is an AK-domain.
(2) D is a Krull domain and D is t-linked under D. (2) ⇒ (3) By Theorem 2.2, it suffices to show that t-dim(D) = 1. If t-dim(D) ≥ 2, then there are prime t-ideals P 1 , P 2 of D with P 1 P 2 . Let Q 1 , Q 2 be prime ideals of D such that Q i ∩ D = P i for i = 1, 2. Note that D is t-linked under D; so Q 2 is a t-ideal, which means that t-dim(D) ≥ 2, a contradiction. Thus t-dim(D) = 1. 
is a bounded root extension by Lemma 2.7; so there is an integer k ≥ 1 such that
It is known that D is a Krull domain if and only if each nonzero prime ideal of D contains a t-invertible prime ideal [Kang 1989a , Theorem 3.6]. Also, we know that D is a Krull domain if and only if D is a Mori PvMD [Kang 1989a, Theorem 3.2] . So we have the following natural questions on AK-domains:
(1) Assume that each nonzero prime ideal of D contains a nonzero prime ideal P = ({a α }) such that ({a n α }) is t-invertible for some integer n = n(P) ≥ 1. Is D an AK-domain?
(2) Is a Mori APvMD an AK-domain?
We end this section by giving negative answers to these two questions.
Example 2.12.
(1) Let D be the integral domain as in Example 2.10. Then D is a UMT-domain [Li 2012, Theorem 3.8] , because an API-domain is an APvMD; so t-dim(D[X ]) = 1. Hence we have
, then there exists a positive integer n = n(P) such that ({a n α })[X ] is principal, and hence t-invertible.
(2) Let p be a prime,
. Then D is a one-dimensional quasilocal Noetherian AB-domain, but not an API-domain [Anderson et al. 1994, Example 3.6] . Thus D is a Mori APvMD, but not an AK-domain by Theorem 2.2.
AUF-domains
We say that D is an AUF-domain if for every nonzero ideal ({a α }) of D, there exists a positive integer n = n({a α }) such that ({a n α }) t is principal. (Here, an AUF-domain stands for an almost unique factorization domain.)
We start this section with the AUF-domain analogue of the fact that D is a UFD if and only if D is a Krull domain and Cl(D) = 0. Proof. (⇒) Let I be a t-invertible t-ideal of D. Then I = (a 1 , . . . , a k ) t for some a 1 , . . . , a k ∈ D. Since D is an AUF-domain, (I n ) t = (a n 1 , . . . , a n k ) t [Anderson and Zafrullah 1991, Lemma 3.3] is principal for some integer n = n(a 1 , . . . , and Zafrullah 1991, Lemma 3.3 ] is principal for some integer m ≥ 1. Thus D is an AUF-domain.
Unlike the AK-domain case, an integrally closed AUF-domain need not be a UFD. For example, ‫[ޚ‬ √ −5] is an integrally closed AUF-domain [Anderson and Zafrullah 1991, Theorem 4 .17] which is not a UFD [Balcerzyk and Józefiak 1989, Example 3.4 .1]. We give a characterization of integrally closed AUF-domains, which is also the analogue of the fact that D is an integrally closed API-domain if and only if D is a Dedekind domain with torsion class group [Anderson and Zafrullah 1991, Theorem 4.12] . Proof. Recall that an integrally closed AK-domain is a Krull domain. Thus this result comes directly from Theorem 3.1.
The next corollary explains the relationship between API-domains and AUFdomains. The AUF-domain version of Theorem 2.5 also carries over. [Gabelli 1987 , Theorem 3.6] (or [El Baghdadi et al. 2002 ), D and D[X ] are Krull domains simultaneously [Gilmer 1992, Corollary 43.11(3) [Anderson et al. 2004, Proposition 3.3] . Thus the result is an immediate consequence of Corollary 3.9.
Remark 3.11. Example 2.10 also shows that the assumption "D[X ] D[X ] is a bounded root extension" is essential in Corollary 3.10.
As an application of Corollary 3.10, we give an example of AUF-domains that is not an API-domain. 
is an AUF-domain that is not an API-domain.
Proof.
(1) This appears in [Anderson et al. 1994 , Corollary 2.2 and Theorem 3.5(3)].
(2) We do the case where 
Example 3.13. (1) Let F be a field with char(F) = p > 0, X be an indeterminate over F and n be a positive integer. Then 
Following [Zafrullah 1985 , Definition 1.10 and Remark 1.11], we say that D is an almost unique factorization domain (AUFD) if for every nonzero nonunit d ∈ D, there is a positive integer n = n(d) such that d n is expressible as a product of finitely many mutually v-coprime prime blocks; equivalently, every nonzero nonunit of D is expressible as a product of finitely many prime blocks. (This explains why we use the name "AUF-domain" instead of AUFD.) It is obvious that each nonzero nonunit of a valuation domain V is a prime block. Hence a valuation domain is an AUFD, but if V has Krull dimension at least 2 or V is a rank one nondiscrete valuation domain, then V is not an AUF-domain since an integrally closed AUF-domain is a Krull domain by Corollary 3.2. This shows that the converse of the next theorem does not hold.
Theorem 3.14. An AUF-domain with t-dimension one is an AUFD. Proof. (⇒) Let I be a t-invertible t-ideal of D. Then I = (a 1 , . . . , a m ) t for some a 1 , . . . , a m ∈ D. Since D is an almost π -domain, there exists an integer n = n(a 1 , . . . , a m ) ≥ 1 such that (I n ) t = (a n 1 , . . . , a n m ) t [Anderson and Zafrullah 1991, Lemma 3.3 ] is invertible. Thus G(D) is torsion. Clearly, D is an AK-domain.
(⇐) If ({a α }) is a nonzero ideal of an AK-domain D, then there exists a positive integer n = n({a α }) such that ({a n α }) t is t-invertible. Since G(D) is torsion, there is an integer m = m(({a n α }) t ) ≥ 1 such that ({a nm α }) t = (({a n α }) m ) t [Anderson and Zafrullah 1991, Lemma 3 .3] is invertible. Thus D is an almost π-domain.
Our remaining corollaries are the almost π-domain analogues of Corollaries 3.2 and 3.7, respectively. It is worth remarking at this point that the assumption "bounded root extension" has a significant role in proving many results in our paper (for example, Theorems 2.5 and 3.8). In [Anderson and Zafrullah 1991] , Anderson and Zafrullah also utilized this hypothesis to show some theorems about AB-domains, AP-domains, API-domains and AD-domains. Unfortunately, we are unable to prove Corollary 2.6 without this assumption, i.e., we do not know whether the t-dimension of an AKdomain is generally 1. (Note that the t-dimension of a Krull domain is always 1.) We are closing this article with a couple of questions. (1) D is integrally closed.
(2) The arrows always hold, but none of the converse holds. 
